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Synthetic magnetic / gauge fields
(cold) atoms and photons

J.R.Abo-Shaer et al.,
Science 292, 476 (2001).

Rotating atomic gases
(Coriolis force)

Lin et al., 
Nature 462, 628 (2009).

Laser-atom interactions
(Berry phase)

Struck et al. PRL 108, 225304 (2012)
H. Miyake et al. PRL 111, 185302 (2013)
M. Aidelsburger et al. PRL 111, 185301 (2013)

Modulating optical lattices
(Floquet engineering)

Rechtsman et al., 
Nature 496, 196 (2013).

Modulating photonic lattices
(Floquet engineering)

Hafezi et al. 
Nat. Phys. 7, 907 (2011)

Engineering coupling
optical resonators

Engineering strained
photonic lattices

Rechtsman et al., 
Nature Photon. 7, 153 (2013).



Topological phases / effects

Reviews (comprehensive):
J. Dalibard, F. Gerbier, G. Juzeliunas, P. Öhberg, Rev. Mod. Phys. 83, 1523 (2011).
I. Bloch, J. Dalibard, and S. Nascimbene, Nat. Phys. 8, 267 (2012).
N. Goldman, G. Juzeliunas, P. Öhberg, I.B. Spielman, Rep. Prog. Phys. 77, 126401 (2014).
M. Aidelsburger, S. Nascimbene, N. Goldman, arXiv:1710.00851v1
I. Carusotto, C. Ciuti, Rev. Mod. Phys. 85, 299 (2013).
L. Lu, J. D. Joannopoulos, M. Soljačić, Nat. Photonics 8, 821 (2014).

Rechtsman et al., 
Nature 496, 196 (2013).

Floquet topological insulators

Hafezi et al. 
Nat. Phys. 7, 907 (2011)

Topological edge states

TOPOLOGICAL 
PHOTONICS

Süsstrunk & Huber,
Science 349, 
47 (2015)

TOPOLOGICAL
MECHANICS

Topological edge states -
- microwaves

Wang et al. 
Nature 461, 772 (2009) H. Miyake et al. PRL 111, 185302 (2013)

M. Aidelsburger et al. PRL 111, 185301 (2013)

Harper-Hofstadter Hamiltonian

ULTRACOLD 
ATOMS

G.Jotzu et al. Nature 515, 237 (2014). 

Haldane
Hamiltonian



▪ Weyl points in 3D optical lattices: Synthetic Magnetic
Monopoles in Momentum Space by Tena Dubček, Colin
J. Kennedy, Ling Lu, Wolfgang Ketterle, Marin Soljačić, & 
H.B. Phys. Rev. Lett. 114, 225301 (2015)

▪ The Quantum Hall Effect with Wilczek's charged 
magnetic flux tubes instead of electrons by Marija 
Todorić, Dario Jukić, Danko Radić, Marin Soljačić, H.B., 

arXiv:1710.10108 [cond-mat.str-el]

▪ Quasimomentum distribution and expansion of an 
anyonic gas by Tena Dubček, Bruno Klajn, Robert Pezer, 
H.B., and Dario Jukić, 

arXiv:1707.04712 [cond-mat.quant-gas]

▪ Outlook and Conclusion

Overview



Weyl points



Weyl fermions
Relativistic quantum field theory: DIRAC, MAJORANA, WEYL FERMIONS

DIRAC fermions

MAJORANA fermions

▪ electron, muon, …

▪ mass

▪ Dirac equation

▪ not observed in
particle physics

▪ Today: neutrinos?

WEYL fermions
▪ not observed in

particle physics

▪ mass = 0

▪ neutrinos –
believed to be
Weyl fermions until
neutrino oscillations
were observed

▪ particle is its
own antiparticle

𝐻 = ℏ𝑣𝝈 ⋅ 𝒌

WEYL Hamiltonian

𝒌

𝐸(𝒌)

Paul Dirac

Ettore Majorana

Hermann Weyl

chirality



Weyl semimetals

▪ Conduction and valence band touch at Weyl points

3D

▪ Low energy electrons described by the Weyl
Hamiltonian 𝐻 = ℏ𝑣𝝈 ⋅ 𝒌

▪ Energy vs. k linear along all three 
dimensions – massless fermions

Review: A. M. Turner and A. 
Vishwanath, arXiv:1301.0330.

▪ Time reversal symmetry or/and inversion 
symmetry must be broken in these materials

▪ Fermi arc surface states

ELUSIVE, only recently observed in condensed matter: 
S.-Y. Xu et al., Science 349, 613 (2015).
B. Q. Lv et al., Phys. Rev. X 5, 031013 (2015)

▪ Robust – Weyl points of different chirality can 
only be annihilated 



Weyl points in photonics

▪ Theoretically proposed in double giroid photonic
structures

3D

▪ Inversion symmetry breaking – structural design

ELUSIVE, only recently observed in photonics: 
L. Lu, Z. Wang, D. Ye, L. Ran, L. Fu, J.D. 
Joannopoulos, M. Soljačić , Science 349, 622 (2015).

L. Lu, L. Fu, J. D. Joannopoulos, 
and M. Soljačić, Nat. Photonics 
7, 294 (2013).

▪ Time reversal symmetry breaking – gyroelectric
materials Theory:

J. Bravo-Abad, L. Lu, L. Fu, H.B., 
M. Soljačić, 2D Mater. 2 (2015) 
034013 (all dielectric
superlattices)



Weyl points in momentum space of
3D optical lattices

1. Ultracold atomic gases in 3D optical lattices – highly controllable systems

2. Synthetic magnetic fields – can be used to break time reversal and/or inversion 
symmetry in simple cubic lattice geometry

▪ Miyake, Siviloglou, Kennedy, Burton, Ketterle, PRL
111, 185302 (2013).

▪ Aidelsburger, Atala, Lohse, Barreiro, Paredes, Bloch, 
PRL 111, 185301 (2013).

Weyl points:  within experimental reach in systems 
that realized the Harper-Hofstadter Hamiltonian

Theoretical work on Weyl pts.:
▪ Lan, Goldman, Bermudez, Lu,

Öhberg, PRB 84, 165115 (2011).
▪ Jiang, PRAA 85, 033640 (2012).
▪ Ganeshan, Das Sarma, PRB 91, 

125438 (2015).

𝑱

𝑲𝒆𝒊𝝋



The α=1/2 Harper-Hofstadter Hamiltonian

Engineering  both the phase and the amplitude of
the tunneling matrix elements in 2D optical lattice

Miyake, Siviloglou, Kennedy, Burton, Ketterle, Phys. Rev. Lett. 111, 185302 (2013)

The α=1/2 2D lattice:

▪ time reversal symmetry

▪ inversion symmetry

▪ Dirac points in k-space

E(kx,ky)

zzkf )( ?



Weyl Hamiltonian with laser-assisted tunneling

Φ𝑚,𝑛,𝑙 = 𝛿𝒌 ⋅ 𝑹𝑚,𝑛,𝑙

≡ 𝑚Φ𝑥 + 𝑛Φy + lΦ𝑧 ,

Φ𝑥, Φ𝑦 , Φ𝑧 = 𝜋(1,1,2)

Laser-assisted tunneling along both x and z directions

Dubček, Kennedy, Lu, 
Ketterle, Soljačić, Buljan

Phys. Rev. Lett. 114, 225301 (2015)

Dubček, Kennedy, Lu, 
Ketterle, Soljačić, Buljan

Phys. Rev. Lett. 114, 225301 (2015)

3D lattice

breaks inversion symmetry



Weyl points: synthetic magnetic monopoles in momentum space

Inversion symmetry broken
𝐻 𝒌 = −2 𝐽𝑦 cos 𝑘𝑦𝑎 𝜎𝑥 + 𝐾𝑥 sin 𝑘𝑥𝑎 𝜎𝑦 + 𝐾𝑧 cos 𝑘𝑧𝑎 𝜎𝑧

Two bands which touch at four Weyl points 

𝐸(𝒌) = ±2 𝐾𝑥
2 sin2(𝑘𝑥𝑎) + 𝐽𝑦

2 cos2 𝑘𝑦𝑎 + 𝐾𝑧 cos
2(𝑘𝑧𝑎)

Berry connection:

Berry curvature:



▪ Tunable A-B sublattice energy offset of on-site energies (±𝜖)

▪ Additional 𝜖𝜎𝑧 term in Hamiltonian

▪ Weyl points with opposite chiralities annihilate for 𝜖 = ±2𝐾𝑧

Annihilation of Weyl points

Dubček, Kennedy, Lu, 
Ketterle, Soljačić, Buljan

Phys. Rev. Lett. 114, 225301 (2015)



▪ Fermi arc
surface states
for a slab

▪ Dispersion sheets
of surface states
(on two sides
of the slab)
intersect
along the
Fermi arcs

Fermi arc surface states



The Quantum Hall Effect with Wilczek's charged 
magnetic flux tubes instead of electrons

Marija Todorić, Dario Jukić, Danko Radić, Marin Soljačić, Hrvoje Buljan,
arXiv:1710.10108 [cond-mat.str-el]



Anyons – fractional statistics

𝒓1

𝒓2 𝜓 𝒓1, 𝒓2 = 𝑒𝑖𝜋𝛼𝜓 𝒓2, 𝒓1

FERMIONS 𝛼 = 1
BOSONS 𝛼 = 0

F. Wilczek, Phys. Rev. Lett. 49, 957 (1982).
J. Leinaas and J. Myrheim, Nuovo Cimento B 37, 1 (1977).

In two spatial dimensions, 𝛼 can in principle take any value between 0 and 1

3D 2D

two exchanges = one particle encircles the other in the relative space

(𝑒𝑖𝜋𝛼)2 = 1
𝑒𝑖𝜋𝛼 = ±1



Wilczek’s charged-flux-tube composites

Φ

𝑞
𝜑 =

𝑞

ℏ
𝑃ׯ

Ԧ𝐴 ∙ 𝑑Ԧ𝑙=
𝑞

ℏ
𝜙

flux-tube
Aharonov-Bohm phase



Wilczek’s charged-flux-tube composites

Φ Φ

𝑒 𝑒

Wilczek, PRL 49, 957 (1982)

fractional statistics𝑎𝑛𝑦𝑜𝑛
𝑎𝑛𝑦𝑜𝑛

Singular gauge transformation:



Anyons in the Fractional Quantum Hall Effect

𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠

Magnetic field, B Tsui, Stormer, Gossard, PRL 48, 1559 (1982).
Laughlin, PRB 27, 3383 (1983); PRL 50, 1395 (1983).

▪ electron-electron interactions!
▪ Laughlin ’83, 𝑚 = 1/𝜐

Quasiparticle excitations - quasiholes

▪ Fractional charge 𝒆 ∗= 𝒆/𝒎
▪ Fractional statistics – anyons

Arovas, Schrieffer, Wilczek PRL 53, 722 (1984), 𝒆𝒙𝒑 𝟐𝝅𝒊𝜶 , 𝜶 = 𝟏/𝒎



Proposals for realization of Wilczek’s composites

Starting assumptions:

▪ electrons in the INTEGER QHE state
(say lowest Landau Level
filled);Coulomb interactions
neglected

▪ Magnetic moments of the electrons
(arising from spin) aligned with the
magnetic fields

B0

1
r



1
r



System:

▪ Sandwich the 2D electron system 
between 2 blocks of high magnetic
permeability metamaterials, w/ fast
temporal response



e-e vector potential interactions

1
r



1
r



𝑑 = 10 nm



Many-body Hamiltonian

mediated by the
metamaterial

Related to composite fermions, Jain PRL 63, 199 (1989) 



Slight shift of the plateau of the Integer Quantum Hall Effect

Signature of anyons

1

𝛼
=

1

1 − Δ
≈ 1 + ∆ ∆~10−7𝑑 = 10 nm

http://physics.nist.gov/cgi-bin/cuu/Value?rk



Discussion

▪ Characteristic time-scale in the QHE – cyclotron, Larmor frequencies

𝜔𝑐𝑦𝑐𝑙𝑜𝑡𝑟𝑜𝑛 =
𝑒𝐵

𝑚∗~ THz range

▪ Material with 𝜇𝑟(𝜔~𝑇𝐻𝑧) ≫ 1

Conventional materials tail of in GHz, hence metamaterials

Pendry et al., IEEE Trans. Microw. Theory Tech. 47, 2075 (1999).
Liberal et al. (Engheta group), Science 355, 1058 (2017)

▪ Choice of d?
▪ good for 𝑟 > 𝑑

▪ d < average separation between electrons, for 
e density 1011 − 1012 cm−2 it is 20 nm

▪ Heavy Fermion materials (to reduce 𝜔𝑐𝑦𝑐𝑙𝑜𝑡𝑟𝑜𝑛)?

▪ What about the gap? 
Will the gap remain when we add ?

M. Greiter and F. Wilczek, Nucl. Phys. B 370, 577 (1992).



Quasimomentum distribution 
and expansion of an anyonic gas

Tena Dubček, Bruno Klajn, Robert Pezer, Hrvoje Buljan, Dario Jukić,

arXiv:1707.04712 [cond-mat.quant-gas]



Momentum distribution in

quantum many-body systems

▪ Example: The experimental
signature of Bose-Einstein 
condensation (BEC) 

▪ One of the key observables for describing a quantum many-body system

▪ Example: Fermi surface in
condensed matter physics

BOSONS FERMIONS

What about momentum distribution for ANYONS?



From: Many-body wavefunction (bosons & fermions)      

To: Momentum distribution

1. Calculate the reduced-body density matrix (RSPDM)

2. Calculate its Fourier transform (momentum representation)

It does not work for anyons!

▪ Anyonic wavefunction is multi-valued

▪ WOULD NOT BE SINGLE VALUED !!!

▪ Not a proper observable !!!

▪ RSPDM: single-valued diagonal - x-space single-particle density



Wilczek’s composite particles – charged flux-tubes

▪ Wavefunction                                             is single valued (bosonic or fermionic)

▪ RSPDM                           single-valued,                        single valued

▪ But,                       CANONICAL and NOT KINETIC MOMENTUM DISTRIBUTION 
(depends on gauge)

▪ One cannot gauge out vector potential at the positions of the flux tubes!!!

Φ ΦΦ

𝑞 𝑞
𝑞

vector potential interactions



What about free expansion (time-of-flight)?

CAN WE IDENTIFY ASYMPTOTIC SINGLE-PARTICLE DENSITY 
WITH QUASIMOMENTUM DISTRIBUTION?

(for FERMIONS and BOSONS this is the case)

Trapping potential ON

anyons in a trapping potential

t<0

Free expansion

Free expansion in 2D space…

t>0



Initial state (t=0) is

ground state in H.O.

Expansion of two anyons (N=2)

Time evolving state (t>0):

2-anyon eigenstates in
free space

Projection coefficients

We identify with the quasimomentum distribution for 2 anyons

▪ definition reduces to the standard one when the statistical parameter  
approaches 0 for bosons or 1 for fermions

▪ asymptotic form of the single-particle density 𝜌(𝑟, 𝑡 → ∞) has the same shape 
as 𝑎𝐾𝑘

2

▪ quasimomentum distribution does not change during free expansion



31

Expansion of N anyons

Time evolving state (t>0);
found by scaling transf. 

Initial state (t=0) is

eigenstate in H.O.

QUASIMOMENTUM
DISTRIBUTION

Asymptotic form of the
single-particle density

𝜌(𝑟, 𝑡 → ∞)



At small particle distances power-law scaling 𝑔 ∼ 𝒓1 − 𝒓2
2 𝛼

32

Pair-correlation function



Potential realisation

▪ hard core bosons in synthetic magnetic field

in the FQHE state

▪ quasi-hole fractionalized excitations around new species of 
bosons

▪ repulsive hard-core interactions

Paredes, et al.,
Phys. Rev. Lett. 87, 010402 (2001).

Zhang, et al.,
Phys. Rev. Lett. 113, 160404 (2014).



Conclusion and Outlook

The Harper-Hofstadter Hamiltonian and conical diffraction in photonic lattices with 
grating assisted tunneling by T. Dubček, K. Lelas, D. Jukić, R. Pezer, M. Soljačić & H.B., 
New J. Phys. 17, 125002 (2015)

Four-dimensional photonic lattices and discrete tesseract solitons by D. Jukić and H. 
Buljan, Physical Review A 87, 013814 (2013) (synthetic dimension)

Photonics: 

▪ Weyl points – synthetic magnetic monopoles in k-space –
accessible with ultracold atomic systems 

Outlook Weyl: Include interactions in studies of Weyl points

▪ Anyons: 
(i) development of proposals for their observation

- Wilczek’s charged flux-tubes via IQHE & metamaterials

(ii) theoretical understanding (observables, ground states)
- Momentum distribution not a proper observable
- Free expansion in 2D can provide insight



2D: Harper-Hofstadter Hamiltonian

CONTINUOUS MODEL DISCRETE MODEL

T. Dubček, K. Lelas, D. Jukić, 
R. Pezer, M. Soljačić, H. Buljan, 
New Journal of Physics 17, 125002 (2015)


